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Magnetic and transport properties of a conducting layer with Rashba spin-orbit coupling (RSOC)
magnetically coupled to a layer of localized magnetic moments are studied on strips of varying width.
The localized moments are free to rotate and they acquire an order that results from the competition
between the magnetic exchange energy and the kinetic energy of the conduction electrons. By
minimizing the total Hamiltonian within the manifold of variational spiral orders of the magnetic
moments, the phase diagram in the space of the interlayer exchange Jsd, and the ratio of the
Rashba coupling to the hopping integral, λ/t was determined. Two main phases with longitudinal
spiral order were found, one at large interlayer coupling Jsd with uniform order in the transversal
direction, and the other at small Jsd showing a transversal staggered order. This staggered spiral
order is unstable against an antiferromagnetic (AFM) for large values of λ/t. In both spiral phases,
the longitudinal spiral momentum that departs from the expected linear dependence with the RSOC
for large values of λ/t. Then, various transport properties, including the longitudinal Drude weight
and the spin Hall conductivity, inside these two phases are computed in linear response, and their
behavior is compared with the ones for the more well-studied cases of a fixed ferromagnetic (FM)
and AFM localized magnetic orders.
I. INTRODUCTION
There is currently an increasing interest in studying
and developing new systems and devices that could pro-
cess information using the electron spin, which is the
essence of the field of spintronics [1–3]. In particular,
a considerable number of possibilities stem from the im-
plementation of effective couplings derived from micro-
scopic spin-orbit (SO) interactions, chief among them
the Rashba spin-orbit coupling (RSOC) which appears in
systems with structural inversion asymmetry and leads
to the appearance of transversal spin currents and the
spin Hall effect [4–7].
It has been recently noticed [8, 9] that a strong spin
torque can be induced on a two-dimensional (2D) con-
ducting layer with Rashba SOC coupled to a ferromag-
netic (FM) layer. This process was observed when an
electrical current flows in the plane of a Co layer with
asymmetric Pt and AlOx interfaces [10–12]. Even more
recently, it has been discussed the possibility of an analo-
gous relativistic SO torque in conducting layers contain-
ing RSOC in the presence of antiferromagnetic (AFM)
layers [13]. This possibility was suggested that could be
realized in bulk Mn2Au, which although is centrosym-
metric, it can be divided into two sublattices that sepa-
rately have broken inversion symmetry and form inver-
sion partners. Various other heterostructures could be
considered as containing a subsystem of localized mag-
netic moments with FM or AFM order [14]. It has also
been noticed that in AFM coupled systems, the spin-
orbit torque could drive magnetic walls with velocities a
magnitude greater than in FM ones [15].
In addition to these FM and AFM orders that are
fixed by large exchange interactions between the localized
magnetic moments, or by the structure of the materials,
the case in which the magnetic moments are allowed to
move in order to minimize the total energy, has also been
studied [16, 17]. In particular it has been shown that
the spiral order of the localized magnetic moments along
the longitudinal x-axis is driven by the SO interaction
in the conduction strip [17], which induces a spin rota-
tion or chiral precession, around the transversal y-axis,
with kθ,x ∼ λ/t. The electron spin spiral in the uncou-
pled Rashba conducting strip had been first noticed by
Ref. [18]. Using numerically exact Monte Carlo calcu-
lations within the spin-fermion decoupling, it has been
also shown that in two-dimensional systems, the FM and
AFM orders are unstable against various other types of
magnetic orders, mainly spiral orders [19].
Hence, the main motivation for this work is to ex-
amine transport properties of Rashba conducting strips
coupled to a layer of magnetic moments with the spi-
ral order that minimizes the total energy for each set
of parameters. Spirals, as well as other magnetic orders
that may be present at oxide heterostructures, such as
skyrmions, have been studied but within effective, spin-
only, models [20]. In most of this previous work, infinite
two-dimensional systems were considered and a parabolic
band was assumed [16, 17, 21].
It should be noticed that although in conventional
semiconductor heterostructures [22] or at the interface
LaAlO3/SrTiO3 [23], the spin-orbit parameter αR, re-
lated to the coupling λ as αR = λa, where a is the
lattice constant, is up to 102 eV A˚, a number of com-
pounds where αR is more than 2 orders of magnitude
higher have been found. This is the case of BiTeI
[24, 25], in the BaIrO3/BaTiO3 heterostructure [26], and
in the CH3NH3PbBr3 organic-inorganic perovskite [27].
In these cases, λ/t ≈ 0.3, which justifies the range of λ/t
between 0 and 1 adopted in the present study. It is also
important to emphasize that RSOC can be varied by an
electric field perpendicular to the strip plane, and hence
2the spiral state could be accordingly modified. This elec-
tric control of magnetic order is at the heart of magnetic
ferroelectrics or multiferroics [28].
Finally, an array of recently proposed materials and
devices presents strong Rashba SO couplings and involve
sizable electron fillings [29, 30]. Then, in the present
work, the coupled system with quarter-filled band for the
conduction electrons will be examined for varying Rashba
SO interaction and exchange coupling Jsd, on strips of
various widths between the minimal value W = 2 and
large enough values to represent the infinite width limit.
The outline of the paper is the following. In Section II
the model here studied is defined and some methodolog-
ical details are provided. Then, in Section III the phase
diagram in the λ/t-Jsd plane for strips of various widths
at quarter filling is presented. In Section IV, the behav-
ior of the Rashba helical currents introduced in Ref. [31],
is discussed, and in Section V, results for transport prop-
erties, the longitudinal optical conductivity and the spin
Hall conductivity are presented. Finally, in Section VI, a
summary is provided together with a suggestion of pos-
sible application of the present results to spintronic de-
vices.
II. MODEL AND METHODS
The system to be studied in the present work is
schematically shown in Fig. 1(a)-(b). A slab of con-
ducting electrons that are to undergo conventional or
spin conserving hopping and Rashba-type or spin flip-
ping hopping (bottom slab in both pictures) is coupled
by the exchange integral Jsd to a slab of localized mag-
netic moments (upper slab). Both slabs are modelled
by a single layer. This heterostructure is similar to the
one studied for the ferro- or antiferromagnetic orders of
the magnetic layer [8, 10, 21]. The crystal structure of
the whole system is assumed cubic, with the layers be-
longing to the x, y-plane as shown in Fig. 1(a)-(b). The
Hamiltonian for the resulting model on the x, y-plane is
[13, 19]:
H1o = H0 +Hint
H0 = −t
∑
<l,m>,σ
(c†lσcmσ +H.c.) + λ
∑
l
[c†l+x↓cl↑
− c†l+x↑cl↓ + i(c
†
l+y↓cl↑ + c
†
l+y↑cl↓) +H.c.]
Hint = −Jsd
∑
l
Sl · sl + J
∑
<l,m>
Sl · Sm (1)
where H0 corresponds to the conducting layer, and it in-
cludes the hopping and the RSOC terms with coupling
constants t and λ, respectively, which connects nearest
neighbor sites on the square lattice. Since both terms
contribute to the total kinetic energy, the normalization
t2+λ2 = 1 was imposed, and naturally its square root is
adopted as the unit of energy. With this normalization,
the kinetic energy turns out to be approximately con-
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FIG. 1. (Color online) (a), (b) Schematic depiction of the
system considered in the present work consisting of a layer of
localized magnetic moments coupled by an exchange Jsd to
a conducting layer with hopping t and Rashba SO coupling
λ. The magnetic moments present a spiral ordering in the
longitudinal direction that is uniform (panel (a)) or staggered
(panel (b)) in the transversal or y-direction. A charge current
along the strip or x-direction that could be injected after a
voltage bias is applied to the strip’s ends, is also shown inside
the conducting layer. (c) Schematic phase diagram of model
Eq. (1) on strips at n = 0.5. The main phases are the uniform
spiral (SP) shown in (a), the staggered spiral (s-SP) shown in
(b), and the antiferromagnetic (AFM) phase.
stant as λ/t is varied [19] with all the remainder param-
eters held fixed. The interacting part of the Hamiltonian
contains a ferromagnetic exchange coupling between con-
duction electron spins sl and localized magnetic moments
Sl, with strength Jsd, and an exchange magnetic interac-
tion between localized magnetic moments with coupling
J . This exchange term favors a FM (J < 0) or an AFM
(J > 0) order of the localized moments.
This system is schematically shown in Fig. 1(a)-(b).
The plane of localized magnetic moments (upper slab in
both pictures) is coupled by the exchange integral Jsd to
the layer where conduction electrons are able to undergo
conventional hopping and Rashba type hopping (bottom
slab).
The localized magnetic moments are assumed classical
variables with modulus equal to one, and hence they are
described in spherical coordinates by the angles (θ, ϕ).
Notice that by taking |S| = 1, the magnitude of the phys-
ical magnetic moments has been absorbed in Jsd.
Model (1) will be studied by exact diagonalization on
strips L × W , where periodic boundary conditions are
assumed in the longitudinal (x-axis) direction, and open
boundary conditions on the transversal (y-axis) direction.
The electron filling, as in all lattice models, is defined as
the total number of electrons divided by the total num-
ber of orbitals of the conducting layer, which for the
present single-orbital model is equal to the number of
sites N = LW . For all the sets of parameters consid-
ered, the condition of closed shell, that is, that all the
degenerate single-electron eigenvalues up to the Fermi
level were included, was verified in order to avoid spuri-
ous values of the physical properties computed. In some
3cases, this condition was enforced by adding a small twist
Φx = 10
−7 in the boundary conditions along x.
The non coplanar spiral order of the magnetic moments
is defined for the angle θl and a uniform azimuthal angle,
ϕl, as:
θx,y = kθ · (x, y) (2)
with spiral momentum kθ = (kθ,x, kθ,y) =
2pi(m/L,m′/W ), m,m′ integers. In the following,
the azimuthal angle will be considered uniform, that
is, ϕl = ϕ. Special cases are the FM order, with
m = m′ = 0, and the AFM order, with m = L/2,
m′ =W/2.
The system defined by the Hamiltonian given by
Eq. (1) will be studied at zero temperature and in linear
response. For each set of parameters, λ/t, Jsd, J , W , L,
and n, and for each pair of integers (m,m′), m ∈ [0, L]
and m′ ∈ [0,W ], the total energy is computed. The op-
timal spiral state for that set of parameters is the one
corresponding to the pair (m,m′) for which the mini-
mum value of the total energy is obtained. All physical
properties for each set of parameters will be computed
for the corresponding optimal spiral momentum. Most
of the calculations were performed on clusters containing
up to 8192 sites, although most of the results reported
below were obtained for 512×W clusters.
The parameter λ/t was varied in the interval [0, 1], and
Jsd was varied between 0 and 15. Since the effect of J is
somewhat trivial, in the following it will be set equal to
zero. For J = 0, the FM order exists only for λ = 0, and
the AFM order appears in a finite region of the λ/t-Jsd
plane at n = 0.5, as discussed in the following section.
For this density, the FM or AFM orders exists for all the
range of λ/t-Jsd for |J | ' 1. However, to compute phys-
ical properties for these two orders is technically much
simpler to fix the corresponding values of m,m′, as men-
tioned above, while setting J = 0.
All the transport properties studied below involve the
charge current, which is the sum of the spin-conserving
current, Jσ,µˆ, σ =↑, ↓, µˆ = x, y, which is the expectation
value of the operator:
jˆσ,l,µˆ = it(c
†
l+µˆ,σcl,σ −H.c.), (3)
in units where the electron charge e = 1, and of the spin-
flipping current, JSO,µˆ which is the expectation value of
the operator:
jˆSO,l,xˆ = −iλ(c
†
l+x↓cl↑ − c
†
l+x↑cl↓ −H.c.)
jˆSO,l,yˆ = λ(c
†
l+y↓cl↑ + c
†
l+y↑cl↓ +H.c.) (4)
Other physical quantities involving also the transversal
spin currents, will be defined below.
III. PHASE DIAGRAM AT QUARTER FILLING
Let us start by examining the phase diagram in the
λ/t-Jsd plane at n = 0.5, J = 0. This phase diagram,
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FIG. 2. (Color online) Variation of the spiral momentum kθ,x
with λ/t in the spiral (SP) phase for (a) Jsd = 10, and (b)
Jsd = 7.5. The dashed line is a linear interpolation of the
results for W = 32 in [0, 0.6]. Variation of the spiral momen-
tum kθ,x in the staggered spiral (s-SP phase) as a function of
λ/t, for (c) Jsd = 5, and (d) Jsd = 2.5. Symbols for various
strip widthsW , are indicated on the plot. In (c) and (d) large
symbols and full lines correspond to spiral states that mini-
mize the Hamiltonian, while small symbols and dashed lines
correspond to spiral states that are excited states. Results for
n = 0.5.
schematically shown in Fig. 1(c), is approximately valid
for all strip widths, from the narrowest strip that could
contain Rashba helical currents and spin polarization
across its section, which corresponds toW = 2 [32], up to
W = 32, for which results are virtually indistinguishable
from those of W = 64.
This diagram contains the main phases to be examined
in this study. At large Jsd, for all values of λ/t in the
interval (0, 1], a spiral (SP) order of the localized mag-
netic moments, with a spiral momentum (kθ,x, 0), and
ϕ = 0 or pi, shown in Fig. 1(a), is present. As Jsd is re-
duced below Jsd ≈ 6, another interesting order appears,
the ”staggered” spiral (s-SP) phase, with kθ = (kθ,x, pi),
ϕ = 0 or pi, shown in Fig. 1(b), which exists for λ/t > 0
up to a value (λ/t)∗ where the magnetic slab enters into
an AFM, (pi, pi), phase that in turn extends up to λ/t = 1.
The boundary between the s-SP and AFM regions is lo-
cated at λ/t ∼ 0.65 for Jsd = 2.5, and at λ/t ∼ 0.8 for
Jsd = 5. This crossover between s-SP and AFM phases,
with a jump in the longitudinal spiral momentum from
≈ pi/2 to pi, is of first order since there are two min-
ima in the energy as a function of kθ,x. For fixed λ/t,
the crossover between the s-SP and SP phases as Jsd is
varied, is also first order. For Jsd / 1 there are many
competing phases depending strongly on the parameters
of the model.
An important feature in these spiral phases is the fol-
lowing. As it can be observed in Fig. 2(a), the spiral
momentum along the strip axis, kθ,x, decreases almost
linearly from zero to ≈ −pi/2 as λ/t increases from zero
4to one, for Jsd = 10. This linear behavior is apparent
from the interpolation of the results for W = 32 up to
λ/t ≤ 0.6. However, for larger values of λ/t, kθ,x clearly
starts to deviate from that linear behavior. A similar
behavior is shown in Fig. 2(b) for Jsd = 7.5, also within
the SP region. Within the staggered spiral phase, for
Jsd = 5, it can be also observed an almost linear de-
crease of the longitudinal spiral momentum kθ,x, from
zero to ≈ pi/2 as λ/t increases from zero to its maximum
value before entering in the AFM phase (Fig. 2(c)). As
said above, this transition is of first order, and within the
AFM phase, the SP order corresponds to the first excited
state within the subset of states considered. The same
behavior is observed for Jsd = 2.5 except that in this case
the AFM phase starts at a lower value of λ/t (Fig. 2(d)).
These results correspond to ϕ = 0. The same chirality
of the reported spiral states is recovered for ϕ = pi and
reversing the sign of kθ,x.
Since, as discussed in the Introduction, the spiral order
of the localized magnetic moments is driven by the con-
duction electrons, it is expected that Jsd will make this
conducting-induced spiral order on the localized mag-
netic slab to survive for larger values of λ/t. This cor-
responds to the behavior shown in Fig. 2, where it can
also be noticed that the spiral momentum is roughly in-
dependent of Jsd for a given value of λ/t, as long as the
spiral order exists. It should also be emphasized that the
relationship kθ,x ∼ λ/t remains valid except when ap-
proaching the value of kθ,x = pi/2, for the strip geometry
here considered. This departure of the linear behavior
could be due to higher order effects in λ/t, involving vir-
tual processes through Jsd, which were neglected in the
first order calculation in Ref. [17].
Notice also that in the absence of Rashba SO coupling,
λ = 0, and for large Jsd, as in the conventional double-
exchange model, and as exemplified by manganites [33],
localized spins acquire a FM, (0, 0) state, in order to
favour the kinetic energy of conduction electrons. For
small values of Jsd, on the other hand, for λ = 0, the lo-
calized moments present a (0, pi) order. Hence, although
the variation of kθ,x with λ/t seems a result of the pre-
cession of single conducting electrons, the presence of the
SP, s-SP or AFM phases depends on the values of Jsd,
λ/t, and as it will be mentioned below, also on the elec-
tron filling, through the full many-body nature of the
system.
The location of the boundaries between different
phases is mildly dependent on the strip width W in the
proximity of quarter-filling. For n = 0.25 the phase di-
agram contains essentially the SP phase for all values of
λ/t and Jsd ' 3, with a similar linear dependence of
kθ,x with λ/t above discussed for the n = 0.5. The s-SP
phase has disappeared. At Jsd = 2.5, W = 4, the local-
ized moments have a (≈ pi/4, 0) order for λ = 0, and kθ,x
decreases by increasing λ/t but with a smaller slope than
for the cases shown in Fig. 2. Although this electron fill-
ing was not exhaustively explored, the comparison with
the results for n = 0.5, suggests that many-body effects
determine the possible magnetic phases of the system.
This conclusion stems from the well-known behavior of
Kondo lattice models, where an effective interaction be-
tween the localized magnetic moments mediated by the
conduction electrons appears at an effective level. This
effective interaction makes the order of the magnetic layer
to depend on the filling of the conduction layer.
Generalized Kondo lattice models like the one here
studied, present a phase separated state close to half-
filling in two dimensions in the absence of RSOC, as it
is well-known from studies in the context of mangan-
ites [33]. The presence of phase separation has also been
discussed for the Rashba system at the LaAlO3/SrTiO3
interface [34, 35]. Previous calculations for model (1) on
the square lattice, with Jsd = 10, in the whole range of
λ/t in [0, 1], have shown that phase separation occurs
close to half-filling, n ' 0.75, and moreover, that actu-
ally it is suppressed by increasing λ/t [19]. The situation
discussed in [34, 35] could be present for smaller Jsd, par-
ticularly in the AFM region, but its precise determination
is out of the scope of the present work.
Finally, it should be noticed that the reported spiral
states are the true ground state states as it results from
Monte Carlo simulations up to λ/t ≈ 0.5. For larger SO
couplings, this phase is unstable towards various other
orderings, one of them is the already mentioned AFM
for small Jsd, which is also the true ground state. More-
over, Monte Carlo calculations show that for λ/t ' 0.7
and Jsd above the AFM region, the (≈ pi/2, 0) spiral be-
comes unstable against other states with a maximum of
the magnetic structure factor near (0, pi/2). These other
states have an energy much lower than the one for the
spiral state with the spiral momentum equal to that max-
imum of the magnetic structure factor, indicating that
they are not spiral but a distinct, so far unknown, order,
probably a lattice of skyrmions [20, 36].
IV. RASHBA HELICAL CURRENTS
The Rashba helical currents (RHC), with counter-
propagating spin-up and spin-down electron currents at
each link at the lattice [31]. appear due to the presence
of RSOC in the longitudinal directions on a closed strip
in equilibrium, that is in the absence of any external elec-
tromagnetic field. Their presence can be inferred at an
effective level [31] or by the mathematical structure of
the RSOC Hamiltonian [34, 35]. A breaking of transla-
tion invariance by adopting boundaries [31], or due to
the presence of impurities [34] is necessary for the exis-
tence of the RHC. The RHC are qualitative different to
the spin currents (studied in the next section) involved
in the spin Hall effect that appear in the transversal di-
rection as a response to an injected charge current in the
longitudinal direction. These helical currents have been
observed in multiterminal devices (see references in [31]).
In the following, results for the RHC correspond to the
current of spin-up electrons at each chain of the strip.
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FIG. 3. (Color online) Current of spin-up electrons on each
chain as a function of the depth of the chain ν (ν = 0, edge,
ν = 1, center chain), for λ/t = 0.4 and, (a) Jsd = 10 (SP),
and (b) Jsd = 5 (s-SP). Current of spin-up electrons on the
edge chain, ν = 0, as a function of λ/t for (c) Jsd = 10 and
(d) Jsd = 5. Strip widths W are indicated in the plot. In (c)
and (d) the edge currents for the fixed FM and AFM localized
magnetic slab are also included with dashed lines. In (d) the
fixed AFM results have been divided by 4 in order to fit in
the scale of the plot. Electron filling n = 0.5.
In Figs. 3(a) and (b), the current of spin-up electrons
at each chain on the planar strip, along the x-axis, is
shown for the SP (Jsd = 10) and s-SP (Jsd = 5) regions
respectively, as a function of the chain depth ν (ν = 0,
edge, ν = 1, center chain), for λ/t = 0.4. As expected, in
both cases, the RHCs become concentrated at the strip
edges as W is increased, and the decay of J↑(ν) with ν
is faster for the staggered SP phase than for the SP one,
where oscillations can be still observed for W = 32.
To study the dependence of the RHC with λ/t, only
the currents on the strip edge chain (ν = 0) will be con-
sidered. Results for J↑(0) as a function of λ/t are shown
in Figs. 3(c) and (d) for the SP (Jsd = 10) and s-SP
(Jsd = 5) regions respectively, for various strip widths.
Notice that in Fig. 3(c), SP region, the sign of the cur-
rents has been changed in order to have a better compar-
ison with the s-SP case.
It can be observed that the dependence of |J↑(0)| with
λ/t is similar for both the SP and s-SP states, partic-
ularly for larger strip width where the results are also
smoother, but the RHC are larger for the SP case. There
is an approximately quadratic dependence for small λ/t,
as predicted in Ref. [31], saturating as λ/t approaches
one. Notice an irregular behavior in the case of the s-SP
(Fig. 3(d)) for large λ/t, when the spiral order becomes
an excited state and the system enters in the AFM re-
gion.
It is also interesting to compare the present results,
where as said above, the spiral order is driven by the SO
coupling in the conducting strip, to the two cases more
considered in the previous literature [37] where a FM or
an AFM order is fixed by a large exchange coupling |J | for
all values of λ/t and Jsd. By comparing the SP state with
the fixed FM system, one should notice that the RHC
for the later (dashed line in Fig. 3(c)) is approximately
three times smaller than for the SP one for the same
W = 32 strip, that is, the SP order favours the tendency
to induce the RHC. On the other hand, by comparing
the s-SP state with the fixed AFM order, it is remarkable
that the RHC for the later (dashed line in Fig. 3(d)) are
much larger than those for the staggered SP state for
λ/t / 0.5, and of course much larger than the ones for
the fixed FM case as originally noticed in Ref. [37].
It will be examined in the following section if any of
these behaviors translate into transport properties that
are more conventionally experimentally measured and
more relevant for spintronics applications.
V. TRANSPORT PROPERTIES
The zero temperature optical conductivity is defined
as the real part of the linear response to the electric field
and can be written as [38]:
σ(ω) = D δ(ω) + σreg(ω) (5)
= D δ(ω) +
pi
L
∑
n6=0
|〈Ψn|jˆx|Ψ0〉|
2
En − E0
δ(ω − (En − E0))
where |Ψn〉 are the eigenstates of the total Hamiltonian
with energy En, |Ψ0〉 is the ground state, and the param-
agnetic current along the x-direction is defined in terms
of the currents defined in Eqs. (3,4) as:
jˆx = jˆhop,x + jˆSO,x
jˆhop,x = jˆ↑,x + jˆ↓,x
jˆσ,x =
∑
l
jˆσ,l,x, σ =↑, ↓
jˆSO,x =
∑
l
jˆSO,l,x (6)
The Drude weight D is calculated from the f-sum rule as:
D
2pi
= −
〈H0,x〉
2L
− Ireg (7)
where Kx ≡ −〈H0,x〉 is the total kinetic energy of elec-
trons along the x-direction, and
Ireg =
1
L
∑
n6=0
|〈Ψn|jˆx|Ψ0〉|
2
En − E0
(8)
is the integral over frequency of σreg defined in Eq. (5).
Clearly, Ireg, and hence D, will have contributions from
matrix elements iµ = |〈Ψn|jˆµ,x|Ψ0〉|
2, (µ = hop, SO),
and icrossed = 2Re[〈Ψn|jˆhop,x|Ψ0〉〈Ψ0|jˆSO,x|Ψn〉].
The spin Hall conductivity is the main quantity de-
scribing the spin Hall effect because it involves spin
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FIG. 4. (Color online) (a) Integral of the regular part of the
optical conductivity, (b) Drude weight, (c) 〈hxhy〉 (full lines)
and 〈SOxhy〉 (dashed lines) contributions to the spin Hall
conductivity (see text for definitions), and (d) total spin Hall
conductivity as a function of λ/t for various strip widths W
indicated on the plot. In (b) and (d) the corresponding values
for the fixed FM state, W = 32, were added for comparison.
Spiral phase, Jsd = 10.
currents appearing in the transversal direction when a
charge current is applied to a conductor in the longitudi-
nal direction. The spin Hall conductivity σsH is defined
as the ω = 0 limit of the spin-charge transversal response
function given by the Kubo formula, at zero temperature
[39, 40]:
σscxy(ω) = −i
t
piλ
∑
n
∑
m
〈Ψn|jˆ
s
y|Ψm〉〈Ψm|jˆx|Ψn〉
[(En − Em)2 − ω2]
(9)
where jsy is the spin current along the y-direction. In
the first sum, the summation is performed only over
states with energies En larger than the Fermi energy
EF , and in the second sum only over states with ener-
gies Em < EF . The spin current operator at each bond
connecting sites l and l + vˆ, where vˆ is the unit vector
along the x or y directions, follows from the local spin
conservation operator equation in the absence of exter-
nal torques:
∑
vˆ jˆ
s
l,vˆ + ∂Sˆ
z
l /∂τ = 0 (τ is the time). For
the total jˆsy the following expression is obtained [37]:
jˆsy = jˆ
s
hop,y + jˆ
s
SO,y,
jˆshop,y =
1
2
(jˆ↑,y − jˆ↓,y),
jˆsSO,y = −
λ
2
∑
l
(c†l+y↓cl↑ − c
†
l+y↑cl↓ +H.c.) (10)
This expression of jˆsy is the second quantized equivalent
to the one formulated in first quantization and using a
parabolic kinetic energy that was considered in previous
calculations of the spin Hall conductivity [39, 40].
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FIG. 5. (Color online) (a) Integral of the regular part of
the optical conductivity, (b) Drude weight, (c) 〈hxhy〉 (full
lines) and 〈SOxhy〉 (dashed lines) contributions to the spin
Hall conductivity (see text for definitions), and (d) total spin
Hall conductivity as a function of λ/t for various strip widths
W indicated on the plot. In (b) D for the fixed AFM state,
W = 32, was added for comparison multiplied by 2. In (d)
σsH for the fixed AFM state,W = 32, was added with the sign
changed and divided by 2. Staggered spiral phase, Jsd = 5.
By replacing the longitudinal charge currents and
the transversal spin currents into Eq. (9), in the
same way as it was done for the optical conductiv-
ity, the contributions to the double sum can be clas-
sified according to the conserving or non-conserving
currents involved. For example, there is a con-
tribution from terms 〈Ψn|jˆ
s
hop,y|Ψm〉〈Ψm|jˆhop,x|Ψn〉,
(〈hxhy〉 for short), and another contribution from
〈Ψn|jˆ
s
hop,y|Ψm〉〈Ψm|jˆSO,x|Ψn〉, (〈SOxhy〉 for short).
In Fig. 4(a), the integral of the regular part of the lon-
gitudinal optical conductivity, Ireg, defined in Eq. (8), is
shown for various strip widths as a function of λ/t for the
spiral state with Jsd = 10. A strong increase of Ireg can
be observed as W is increased and for large λ/t. Both
matrix elements ihop and iSO contribute to Ireg, with a
slightly larger contribution from ihop, and the contribu-
tion from the crossed matrix elements changes sign from
negative to positive at W = 8. The Drude peak, shown
in Fig. 4(b), has two noticeable behaviors. In the first
place, D decreases as the strip width increases in the
whole range of λ/t. This is clearly due to a reduction of
the kinetic energy with increasing W , since Ireg is negli-
gible for small λ/t. For large W and λ/t ' 0.4, a further
decrease in D can be observed, in this case due to the
increase in Ireg shown in Fig. 4(a). The Drude peak for
the fixed FM state [37], for W = 32, is close to the one
for the SP state for small λ/t, but it is clearly larger for
large λ/t, indicating the expected favouring of transport
by the FM state.
Fig. 4(c) shows the two nonzero contributions to the
spin Hall conductivity σsH for various strip widths as a
7function of λ/t for the SP state. It can be seen that the
main contribution, 〈hxhy〉, increases with both W and
λ/t, while the 〈SOxhy〉 contribution decreases with W
and it even changes sign for large λ/t. The total σsH is
shown in Fig. 4(d), showing a clear enhance with increas-
ingW , saturating atW = 32. The spin Hall conductivity
in the Rashba strip with W = 32 coupled to a FM layer
was also added for comparison. For the FM state, σsH ,
is about one order of magnitude smaller than the one of
the SP order, as it can be seen in Fig. 4(d). It should
also be noticed that σsH for the fixed FM state is entirely
due to the transitions 〈SOxhy〉 [37].
Let us now examine transport properties for the stag-
gered spiral state. In the following, in the whole
interval0 ≤ λ/t ≤ 1 only results for the s-SP state will
be reported even when it is an excited state and the true
ground state is the AFM state, as discussed in Section III.
In Fig. 5(a), Ireg is shown for various strip widths as a
function of λ/t for Jsd = 5. By comparing these results
with those for the SP phase shown in Fig. 4(a) it is clear
in the first place that Ireg is smaller for the s-SP state,
for the same values of λ/t and W . In the second place,
while in the SP case, for a given W , Ireg has a smooth
behavior with λ/t, particularly for wider strips, in the
staggered case there is a clear jump at λ/t = (λ/t)∗ at
which the s-SP state becomes an excited state. As in
the SP case, the contribution from the matrix elements
ihop is slightly larger than the one from iSO, but for the
staggered case the contribution from the crossed matrix
elements are negative for all λ/t and W . This behavior
is translated to the Drude weight as shown in Fig. 5(b),
where, for each W , a clear jump is observed at the same
values of λ/t where a jump appears in Ireg . Overall, the
Drude weight is larger for the staggered case, where it
is also absent the suppression of the kinetic energy term
pointed out regarding Fig. 4(b). This is partially due
to a smaller value of the conducting-magnetic slabs, Jsd
adopted for the staggered case. As expected, the Drude
peak of the fixed AFM state, also included in Fig. 5(b) for
W = 32, is strongly suppressed as λ/t increases, which
is opposed to the behavior above discussed for the FM
state.
With respect to the spin Hall conductivity, it can be
observed in Fig. 5(c) that, similarly to what was noticed
for the SP case, in the s-SP state the main contribution
comes from the terms 〈hxhy〉. Both contributions suf-
fer a jump again at (λ/t)∗. The 〈hxhy〉 becomes larger
with both λ/t and W , while the 〈SOxhy〉 contribution
becomes negative and increases in absolute value with
both λ/t and W . As a result, the total σsH , shown in
Fig. 5(d), increases with W converging at W ≈ 32, and
reaching a maximum for each W at (λ/t)∗. Another im-
portant conclusion is that σsH for the staggered spiral
phase is about a factor of 3 larger than the one for the
spiral phase shown in Fig. 4(d). The values of σsH for
the fixed AFM state, W = 32, [37] were also included in
Fig. 5(d) for the sake of comparison. Notice that these
values were divided by 2, and their sign was changed in
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FIG. 6. (Color online) Intra- (full lines) and inter-
band (dashed lines) contributions to (a,c) 〈hxhy〉 and (b,d)
〈SOxhy〉 terms of the spin Hall conductivity as a function of
λ/t for various strip widths W indicated on the plot. (a,b)
correspond to the SP state, Jsd = 10, and (c,d) to the s-SP
state, Jsd = 5. In (b) results for the interband contribution
to σsH for the fixed FM state (thick dashed line) were added
(multiplied by 4). In (d) results for the intra- (thick full line)
and interband (thick dashed line) contributions to σsH for the
fixed AFM state were added (divided by 2).
order to fit into the plot scale. As for the fixed FM cou-
pled magnetic slab, σsH for the AFM case is entirely due
to the 〈SOxhy〉 contribution. Notice that σsH for the
fixed AFM coupled slab is still much larger than the one
for the staggered spiral phase.
Finally, it is also interesting to discuss the intra- and
inter-band contributions to σsH , which correspond to
transitions between single-particle states with the same
(opposite) chirality. The chirality of each single-particle
state is defined by the sign of the y-component of the
electron spin averaged on that single-particle state. As
discussed in Ref. [37], this definition appears as a natu-
ral extension to strips of the corresponding concepts used
for infinite 2D systems [39–41]. Notice also that in the
literature alternative definitions have been used [42].
Results for both types of contributions to the spin
Hall conductivity, 〈hxhy〉 and 〈SOxhy〉, for the spiral
and staggered spiral states, are shown in Figs. 6(a,c) and
Figs. 6(b,d) respectively. For both types of spirals, and
for both types of contributions to σsH , a first conclu-
sion is that there is approximately the same contribu-
tion from both inter and intra band transitions. For the
spiral state, this behavior is different than for the fixed
FM order where only interband transitions contribute.
On the other hand, for the staggered spiral state, the
behavior is similar to the one for the fixed AFM order
where both types of processes are present although the
interband ones are dominant. A second conclusion is
that, consistently with the results presented so far, all
the contributions have a rather smooth behavior except
when the system starts to deviate from the longitudinal
8spiral order, which occurs for large λ/t. This change of
behavior is more clear for the 〈SOxhy〉 contribution, and
even more notorious for the staggered spiral state when
it becomes an excited state (Figs. 6(d)).
To end this Section, let us briefly discuss the possi-
bility of a spin current along the longitudinal direction.
This current has also two components analogous to the
expressions for jˆsy given by Eq. (10). The hopping part,
jˆshop,x is conventionally termed the spin polarized longi-
tudinal current. By replacing jˆsx for jˆ
s
y in the expression
of the spin Hall conductivity Eq. (9), an analogous Kubo
formula at zero frequency for the spin polarized conduc-
tivity, σsp, would be obtained. Let us call σsp,hh the
contribution to σsp from the hopping charge current and
jˆshop,x. It was shown that σsp,hh, as well as the anoma-
lous Hall conductivity, σAH [43], are equal to zero for the
pure Rashba model [44]. This topic was recently further
discussed in [45]. Preliminary calculations show that not
only σsp,hh but the full σsp, as well as the anomalous
Hall conductivity, vanish for the spiral, staggered-spiral
and AFM states [46]. For the FM state, σsp,hh = 0, but
σsp as well as σAH are different for zero, for the later, in
agreement with [47].
VI. CONCLUSIONS
The first conclusion of this work is that when the mag-
netic exchange between the magnetic moments is negligi-
ble, at quarter filling, a spiral (SP) order of the localized
magnetic moments with transversal momentum equal to
zero, that is, uniform across the strip section, exists for
interlayer exchange coupling Jsd ' 5, while another spi-
ral order with transversal momentum equal to pi, that is,
staggered across the strip section, dominates for Jsd / 5.
In addition, this s-SP order is unstable towards an anti-
ferromagnetic phase for λ/t greater than a Jsd-dependent
value. Both SP/s-SP and s-SP/AFM crossovers are of
first order.
The second conclusion is that both spiral phases have
an almost linear dependence of the spiral longitudinal
momentum with λ/t as long as this momentum is smaller
than ≈ pi/2. Since this linear behavior is essentially
driven by the precession of independent electrons moving
on the conducting slab, one could speculate that for large
λ/t, effective interactions mediated by Jsd lead to a loss
of coherence of the electron gas, particularly for the small
wavelengths corresponding to the longitudinal spiral mo-
mentum approaching pi/2. In the SP order, there is then
a noticeable departure from the linear behavior, and in
the s-SP region, the whole spiral is finally replaced by an
AFM order. In principle, these spiral states could be de-
tected by neutron scattering techniques. However, since
the magnetic layer should be a thin film, and in addition,
be part of an heterostructure, there are other techniques
that may be more appropriate. For example, there is a
recently devised technique to detect spiral states on thin
films using quantum sensors that can achieve resolution
of a few nanometers [48].
As a summary of transport properties, including the
Rashba helical currents, it is clear than in general the SP
and s-SP states interpolate between the behaviors previ-
ously observed for the fixed FM and AFM orders. Still,
there are considerable differences in the amplitudes that
these properties have in the SP and s-SP regions, particu-
larly a near factor of two in the spin Hall conductivities.
In addition, the momentum or the period of the spiral
state can be controlled by external electric fields through
the RSOC leading to a multiferroic behavior, and at the
same time, the different responses could also be exploited
for spintronic applications. These results for transport
properties can be experimentally verified by the usual
techniques employed for studying the spin Hall effect, as
reviewed in [6].
A key ingredient of a device that could take advantage
of the present results, and that indicates a departure from
the devices containing FM or AFM layers studied so far,
is to have a very low exchange coupling J between the lo-
calized magnetic moments. These virtually noninteract-
ing magnetic moments could be created in the first place
by depositing magnetic Fe or CO atoms or nanoparticles
on top of a conducting Rashba layer. A second possibil-
ity is to employ a ferromagnetic semiconductor for the
magnetic coupled layer, at a temperature above its Curie
temperature, which for this class of materials is very low,
within a setup similar to that of [10]. For this effect to
be robust, the magnetic slab should be a thin film.
To some extent, a variation of Jsd could also be
achieved for a single device by the application of an exter-
nal magnetic field perpendicular to the planes, although
certainly this would not be practical. On the other hand,
it is possible to set an electric field modulation of Jsd,
which was intensively studied in the context of magnetic
storage devices [49]. In particular, the mechanism of
electric field modulation of the magnetic anisotropy con-
sists in changing the electron occupancy at d-orbitals in
coupled 3d-transition metal slabs by shifting the Fermi
level and/or modifying the electronic structure close to
the Fermi level. Since Jsd contains the amplitude of the
magnetic moments, it could acquire large values. On the
other hand, Since Jsd is an effective coupling between
the conducting and the magnetic layers, it can be made
arbitrarily small by interposing layers of nonmagnetic in-
sulating material between the magnetic moments and the
Rashba conducting layer as in [8].
It is also worth to notice that the spiral state implies a
breaking of translational invariance of the system along
the longitudinal direction and hence a modulation at an
effective level of the RSOC and hopping couplings. In
this sense, it would be interesting to investigate if the
presently studied system shows a spin Hall conductiv-
ity that remains robust against disorder as in a recently
proposed model with modulated RSOC [50].
Further study at finite temperature and in out-of-
equilibrium regimes would be necessary to assess the use-
9fulness of the various features here reported.
VII. ACKNOWLEDGMENTS
Useful discussions with A. Greco, C. Gazza, I. Hamad,
and G. Meza, are gratefully acknowledged. The author is
partially supported by the Consejo Nacional de Investi-
gaciones Cient´ıficas y Te´cnicas (CONICET) of Argentina
through grant PIP No. 11220120100389CO.
REFERENCES
[1] G. A. Prinz, Magnetoelectronics, Science 282, 1660-1663
(1998).
[2] S. A. Wolf, D. D. Awschalom, R. A. Buhrman, J.
M. Daughton, S. von Molnar, M. L. Roukes, A. Y.
Chtchelkanova, D. M. Treger, Spintronics: A spin-based
electronics vision for the future, Science 294, 1488-1495
(2001).
[3] I. Zutic, J. Fabian, S. Das Sarma, Spintronics: Funda-
mentals and applications, Rev. Mod. Phys. 76, 323-410
(2004).
[4] E. I. Rashba, Properties of semiconductors with an ex-
tremum loop. 1. Cyclotron and combinational resonance
in a magnetic field perpendicular to the plane of the loop,
Sov. Phys. Solid State 2, 1109 (1960); Y. A. Bychkov,
E. I. Rashba, Properties of a 2D electron-gas with lifted
spectral degeneracy, JETP Lett. 39, 78-81 (1984).
[5] J. E. Hirsch, Spin Hall Effect, Phys. Rev. Lett. 83, 1834-
1837 (1999).
[6] J. Sinova, S. O. Valenzuela, J. Wunderlich, C.H. Back, T.
Jungwirth, Spin Hall effects, Rev. Mod. Phys. 87, 1213-
1259 (2015).
[7] A. Hoffmann, Spin Hall Effects in Metals, IEEE Trans-
actions on Magnetics 49, 5172-5193 (2013).
[8] A. Manchon, X. Wang, Theory of nonequilibrium intrin-
sic spin torque in a single nanomagnet, Phys. Rev. B 78,
212405 (2008).
[9] A. Manchon, X. Wang, Theory of spin torque due to
spin-orbit coupling, Phys. Rev. B 79, 094422 (2009).
[10] I. M. Miron, G. Gaudin, S. Auffret, B. Rodmacq, A.
Schuhl, S. Pizzini, J. Vogel, P. Gambardella, Current-
driven spin torque induced by the Rashba effect in a fer-
romagnetic metal layer, Nature Mater. 9, 230-234 (2010).
[11] X. Wang, A. Manchon, Diffusive Spin Dynamics in Fer-
romagnetic Thin Films with a Rashba Interaction, Phys.
Rev. Lett. 108, 117201 (2012).
[12] D. A. Pesin, A. H. Mac Donald, Quantum kinetic the-
ory of current-induced torques in Rashba ferromagnets,
Phys. Rev. B 86, 014416 (2012).
[13] J. Zelezny, H. Gao, K. Vyborny, J. Zemen, J. Masek,
A. Manchon, J. Wunderlich, J. Sinova, T. Jungwirth,
Relativistic Ne´el-Order Fields Induced by Electrical Cur-
rent in Antiferromagnets, Phys. Rev. Lett. 113, 157201
(2014).
[14] J. Zelezny, H. Gao, A. Manchon, F. Freimuth, Y.
Mokrousov, J. Zemen, J. Maek, J. Sinova, T. Jung-
wirth, Spin-orbit torques in locally and globally noncen-
trosymmetric crystals: Antiferromagnets and ferromag-
nets, Phys. Rev. B 95, 014403 (2017).
[15] O. Gomonay, T. Jungwirth, J. Sinova, High Antiferro-
magnetic Domain Wall Velocity Induced by Ne´el Spin-
Orbit Torques, Phys. Rev. Lett. 117, 017202 (2016).
[16] M. Bode, M. Heide, K. von Bergmann, P. Ferriani, S.
Heinze, G. Bihlmayer, A. Kubetzka, O. Pietzsch, S.
Blgel, R. Wiesendanger, Chiral magnetic order at sur-
faces driven by inversion asymmetry, Nature. 447, 190
(2007).
[17] K.-W. Kim, H.-W. Lee, K.-J. Lee, M. D. Stiles, Chirality
from Interfacial Spin-Orbit Coupling Effects in Magnetic
Bilayers, Phys. Rev. Lett. 111, 216601 (2013).
[18] S. Datta, B. Das, Electronic analog of the electrooptic
modulator, Appl. Phys. Lett. 56, 665 (1990).
[19] G. A. Meza, J. A. Riera, Magnetic and transport signa-
tures of Rashba spin-orbit coupling on the ferromagnetic
Kondo lattice model in two dimensions, Phys. Rev. B 90,
085107 (2014).
[20] X. Li, W. V. Liu, L. Balents, Spirals and Skyrmions
in Two Dimensional Oxide Heterostructures, Phys. Rev.
Lett. 112, 067202 (2014).
[21] C. Jia, J. Berakdar, Magnetotransport and spin dynam-
ics in an electron gas formed at oxide interfaces, Phys.
Rev. B 83, 045309 (2011).
[22] J. Nitta, T. Akazaki, H. Takayanagi, T. Enoki,
Gate Control of Spin-Orbit Interaction in an Inverted
In0.53Ga0.47As/In0.52Al0.48As Heterostructure Phys.
Rev. Lett. 78, 1335-1338 (1997).
[23] A. D. Caviglia, M. Gabay, S. Gariglio, N. Reyren, C.
Cancellieri, J.-M. Triscone, Tunable Rashba Spin-Orbit
Interaction at Oxide Interfaces, Phys. Rev. Lett. 104,
126803 (2010).
[24] M. Sakano, J. Miyawaki, A. Chainani, Y. Takata, T.
Sonobe, T. Shimojima, M. Oura, S. Shin, M. S. Bahramy,
R. Arita, N. Nagaosa, H. Murakawa, Y. Kaneko, Y.
Tokura, K. Ishizaka, Three-dimensional bulk band dis-
persion in polar BiTeI with giant Rashba-type spin split-
ting, Phys. Rev. B 86, 085204 (2012).
[25] L. Bawden, J. M. Riley, C. H. Kim, R. Sankar, E. J.
Monkman, D. E. Shai, H. I. Wei, E. Lochocki, J. W.
Wells, W. Meevasana, T. K. Kim, M. Hoesch, Y. Oht-
subo, P. Le Fe`vre, C. J. Fennie, K. M. Shen, F. C. Chou,
P. D. C. King, Hierarchical spin-orbital polarisation of
a giant Rashba system, Science Advances 1, 1500495
(2015).
[26] Z. Zhong, L. Si, Q. Zhang, Wei-Guo Yin, S. Yunoki,
K. Held, Giant Switchable Rashba Effect in Oxide Het-
erostructures, Adv. Mater. Interfaces 2, 1400445 (2015).
[27] D. Niesner, M. Wilhelm, I. Levchuk, A. Osvet, S.
Shrestha, M. Batentschuk, C. Brabec, T. Fauster, Giant
Rashba Splitting in CH3NH3PbBr3 Organic-Inorganic
Perovskite Phys. Rev. Lett. 117, 126401 (2016).
[28] Y. Yamasaki, H. Sagayama, T. Goto, M. Matsuura, K.
Hirota, T. Arima, Y. Tokura, Electric Control of Spin
Helicity in a Magnetic Ferroelectric, Phys. Rev. Lett. 98,
147204 (2007).
10
[29] D. Bucheli, M. Grilli, F. Peronaci, G. Seibold, S. Caprara,
Phase diagrams of voltage-gated oxide interfaces with
strong Rashba coupling, Phys. Rev. B 89, 195448 (2014).
[30] J. Garcia-Barriocanal, J. C. Cezar, F. Y. Bruno,
P. Thakur, N. B. Brookes, C. Utfeld, A. Rivera-
Calzada, S. R. Giblin, J. W. Taylor, J. A. Duffy, S.
B. Dugdale, T. Nakamura, K. Kodama, C. Leon, S.
Okamoto, J. Santamaria, Spin and orbital Ti magnetism
at LaMnO3/SrTiO3 interfaces, Nature Comm. 1:82,
(2010).
[31] I. J. Hamad, C. J. Gazza, J. A. Riera, Helical currents in
metallic Rashba strips, Phys. Rev. B 93, 205113 (2016).
[32] J. A. Riera, Spin polarization in the Hubbard model with
Rashba spin-orbit coupling on a ladder, Phys. Rev. B 88,
045102 (2013).
[33] E. Dagotto, T. Hotta, A. Moreo, Colossal magnetoresis-
tant materials: the key role of phase separation, Phys.
Rep. 344, 153 (2001).
[34] N. Bovenzi, F. Finocchiaro, N. Scopigno, D. Bucheli, S.
Caprara, G. Seibold, M. Grilli, Possible Mechanisms of
Electronic Phase Separation in Oxide Interfaces, J. Su-
percond. Nov. Magn. 28, 1273 (2015).
[35] S. Caprara, F. Peronaci, M. Grilli, Intrinsic Instability
of Electronic Interfaces with Strong Rashba Coupling,
Phys. Rev. Lett. 109, 196401 (2012).
[36] S. D. Yi, S. Onoda, N. Nagaosa, J. H. Han, Skyrmions
and anomalous Hall effect in a Dzyaloshinskii-Moriya spi-
ral magnet, Phys. Rev. B 80, 054416 (2009).
[37] J. A. Riera, Longitudinal optical and spin Hall conduc-
tivities of Rashba conducting strips coupled to ferro-
magnetic and antiferromagnetic layers, Phys. Rev. B 95,
045146 (2017).
[38] R. M. Fye, M. J. Martins, D. J. Scalapino, J. Wagner,
W. Hanke, Drude weight, optical conductivity, and flux
properties of one-dimensional Hubbard rings, Phys. Rev.
B 44, 6909 (1991).
[39] E. I Rashba, Sum rules for spin Hall conductivity cancel-
lation, Phys. Rev. B 70, 201309 (2004).
[40] J. Sinova, D. Culcer, Q. Niu, N. A. Sinitsyn, T. Jung-
wirth, A. H. MacDonald, Universal Intrinsic Spin Hall
Effect, Phys. Rev. Lett. 92, 126603 (2004).
[41] S. D. Ganichev and L. E. and Golub, Phys. Status Solidi
B 251, 1801 (2014).
[42] H. Li, H. Gao, L. P. Zaˆrbo, K. Vy´borny´, X. Wang, I.
Garate, F. Doˇgan, A. Cˇejchan, J. Sinova, T. Jungwirth,
and A. Manchon, Phys. Rev. B 91, 134402 (2015).
[43] N. Nagaosa, J. Sinova, S. Onoda, A. H. MacDonald, N.
P. Ong, Anomalous Hall effect, Rev. Mod. Phys. 82, 1539
(2010).
[44] J. Inoue, G. E. W. Bauer, L. W. Molenkamp, Dif-
fuse transport and spin accumulation in a Rashba two-
dimensional electron gas, Phys. Rev. B 67, 033104
(2003).
[45] V. P. Amin, M. D. Stiles, Spin transport at interfaces
with spin-orbit coupling: Formalism, Phys. Rev. B 94,
104419 (2016).
[46] J. A. Riera, in preparation, (2017).
[47] S. Onoda, N. Sugimoto, N. Nagaosa, Quantum transport
theory of anomalous electric, thermoelectric, and ther-
mal Hall effects in ferromagnets Phys. Rev. B 77, 165103
(2008).
[48] I. Gross, W. Akhtar, V. Garcia, L. J. Mart´ınez, S.
Chouaieb, K. Garcia, C. Carre´te´ro, A. Barthe´le´my, P.
Appel, P. Maletinsky, J.-V. Kim, J. Y. Chauleau, N.
Jaouen, M. Viret, M. Bibes, S. Fusil, V. Jacques, Real-
space imaging of non-collinear antiferromagnetic order
with a single-spin magnetometer, Nature 549, 252256
(2017).
[49] F. Ando, H. Kakizakai, T. Koyama, K. Yamada, M.
Kawaguchi, S. Kim, K.-J. Kim, T. Moriyama, D. Chiba,
T. Ono, Modulation of the magnetic domain size induced
by an electric field, Appl. Phys. Lett. 109, 022401 (2016).
[50] G. Seibold, S. Caprara, M. Grilli, R. Raimondi, Intrinsic
spin Hall effect in systems with striped spin-orbit cou-
pling, Europhys. Lett. 112, 17004 (2015).
